It is the purpose of this article to present design equations which can be used to predict the damage of ductile plating when subjected to mass impact, dynamic pressure or impulsive loadings. The external loadings are sufficiently severe to produce inelastic material behaviour and produce finite transverse displacement, or geometry change, effects. The damage is characterised as the final or permanent transverse displacement of a plate.
INTRODUCTION
Simple and reliable theoretical methods are still valuable for design purposes, particularly for preliminary design, hazard assessments, integrity and security studies and for forensic investigations after accidents. In these practical situations, a designer is interested in the damage that a structure sustains under external loadings which produce large deformations and associated inelastic strains. In the case of transversely loaded beams and plates, this behaviour is manifested by the development of membrane or in-plane forces and a significant change of behaviour from bending (with shear forces as a reaction) at small displacements (classical behaviour) to the increasing dominance of membrane forces with increasing values of the transverse displacements (i.e., damage). Papers have been published over the years which contain theoretical studies and experimental results for the ductile behaviour of circular, square and rectangular plates struck by masses and exposed to dynamic pressure pulses and explosive loadings.
A method of analysis was outlined in [1] and used to predict the response of a fully clamped rectangular plate when struck by a mass impact loading at the plate centre. It transpires that encouraging agreement was obtained with the experimental values for the maximum permanent transverse displacements of square and rectangular mild steel plates. Subsequently, this study was extended [2] to provide the predictions for rectangular plates with a bending resistance mM 0 (0 ≤ m ≤ 1) around the supports (m = 0 and m = 1 give the simply supported and fully clamped cases, respectively). Comparisons were made for square aluminium alloy plates and also for circular plates, again with encouraging agreement between the theoretical rigid plastic predictions and the corresponding experimental results.
It is the object of this paper to summarise the design equations for circular, square and rectangular plate which have been subjected to large-mass low-velocity impacts, dynamic pressure pulses and impulsive loadings producing large deflection effects. The integration of the available information should be of value to design engineers and others who are interested in the damage of structural members.
The next section introduces the method of analysis used to obtain the equations which are introduced in section 3 for the mass impact loading of circular, square and rectangular plates. Design equations are presented in section 4 for the same geometries when subjected to a dynamic pressure pulse, while section 5 presents the equations for impulsive loadings. A discussion and conclusions follow in sections 6 and 7, respectively.
THEORETICAL METHOD OF ANALYSIS
Now a considerable body of work has been published on the plastic collapse behaviour of structures [3] when subjected to a wide range of static and dynamic loadings. However, the theoretical formulations in most cases are based on governing equations using the first order or classical theory which was developed for structures undergoing infinitesimal displacements. In the case of beams and plates, for example, the response can change significantly under transverse loadings due to geometry changes brought about by sufficiently large loadings causing finite-displacements. A smaller literature has examined the large transverse deflection response of structures which caters for this phenomenon, as discussed in [3] , but this paper presents some results for the dynamic behaviour of plates obtained using the method reported in [3, 4] .
The analysis in [3, 4] for an arbitrarily shaped plate (includes a beam as a special case) is based on energy conservation which equates the external work rate (impact, dynamic pressure and inertia forces) to the internal energy dissipated at plastic hinges and within plastic zones. The plates in this article have a uniform thickness, H, and are made from a rigid, perfectly plastic material and transverse, in-plane and rotational inertia, as well as transverse shear effects, are retained in the basic equations. The equations which emerge from this general method can be simplified for particular problems, such as axisymmetry studied in [3] , or by neglecting transverse shear effects (e. g., [5] ). In other cases, the response of a particular problem might involve plastic dissipation at only straight line kinematically admissible hinges with the remainder of a plate remaining rigid, as in [1, 2, 5] for rectangular and square plates.
For our purpose in this paper, eqn (1) in Reference [1] is sufficient with the addition of an external work rate term related to the dynamic pressure pulse and the neglect of the transverse shear term. Thus,
where G is an impact mass, and μ is the mass per unit surface area of a plate. The transverse displacement of a plate is w, while  w and  w are the associated velocity and acceleration. W is the maximum transverse displacement of the plate. The terms on the left hand side of equation (1) are the work rate due to the inertia forces and the pressure p, where A is the surface area of a plate. The first term on the right hand side of equation (1) ) m across a hinge of length C m . Equation (1) ensures that the external work rate equals the internal energy dissipation. The theoretical predictions which are presented in this paper ignore any transient changes in the transverse displacement profile and, therefore, have a single mode response characterised by a peak displacement W. The accuracy of these modal, or quasi-static, analyses are discussed in Appendix 6 of Reference [3] (2012 edition).
MASS IMPACT LOADING

Circular plates
The maximum permanent transverse displacement, W f , of a circular plate having a uniform thickness H and a support radius R and struck at the centre by a rigid mass G is
where
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is the mass ratio and the dimensionless initial kinetic energy is
and where mM 0 is the bending resistance around the plate boundary with 0 ≤ m ≤ 1.
Thus, for a relatively large striking mass, γ ≥ 1 , eqn (2) gives the predictions for the extreme cases for m, namely
and
for the fully clamped (m = 1) and simply supported (m = 0) cases, respectively. Equation (2) was developed for a mass G with a cylindrical body having a negligibly small diameter and a blunt impact face. If the cylindrical mass has a diameter 2a, then equation (7.143) of [3] , or equation (4) of [5] , give an expression for W f /H in terms of the parameter ρ = a /R for fully clamped supports. The results in Figure 7 .24 for ρ = 0.117 and R/H = 10.66 [3] reveal a reduction in W f /H of about 10 %.
Rectangular plates
It was shown in reference [2] for a rectangular plate with the dimensions 2B x 2L (2B < 2L) and having an aspect ratio β = B/L that
where mM 0 is the bending resistance around a rectangular plate supporting boundary and has the same meaning as in section 3.1. γ is again the mass ratio which for this case is defined as γ = G / 4µBL (7) and the dimensionless initial kinetic energy of the mass is again given by eqn (3b).
For large impact masses, G, having γ >> 1, eqn (6) predicts
when m = 1 and m = 0 for the fully clamped and simply supported cases, respectively. Equations (8) and (9) give
for fully clamped and simply supported square plates (β = 1), respectively.
DYNAMIC PRESSURE PULSE LOADING OF PLATES
Circular plates
The cases considered in this section are derived for an axisymmetric pressure pulse acting over the entire surface area of a plate and having a rectangular shaped pressure-time history with a peak magnitude p o and a time duration τ , as indicated in Figure 1 . For a fully clamped circular plate [2] Figure 1 Rectangular pressure pulse.
is a pressure ratio and
is the static plastic collapse pressure. A similar analysis [3] for a simply supported circular plate gives
when a 2 and η are defined above, but now
is the static plastic collapse pressure for a simply supported circular plate.
Rectangular plates
It is shown in Reference [3] that the maximum permanent transverse displacement for a fully clamped rectangular plate subjected to a pressure pulse having a rectangular shaped pressuretime history in Figure 1 is
is the static collapse pressure, and the pressure ratio, η, is defined by equation (12a). Similarly, for simple supports [3] W
and the various terms have been defined above except that the static collapse pressure is now
5 IMPULSIVE PRESSURE LOADING
Introductory comments
When the external dynamic pressure, p o , in Figure 1 is very much larger than the corresponding static collapse pressure, p c , and the pulse duration, τ, is very short, then we have an impulsive velocity loading as an idealisation of an explosive loading. In the limit with p o /p c = η → ∞ and τ → 0 and for the conservation of linear momentum, then p o Aτ = ρHAV 0 , where A is the surface area of a plate and V 0 is the magnitude of an initial impulsive velocity distributed uniformly over the plate area. Thus, the impulsive velocity V 0 = p o τ/ρH, where p o τ is the magnitude of a pulse having the rectangular shaped pressure-time history in Figure 1 .
Circular plates
The theoretical solution for a fully clamped circular plate subjected to a uniformly distributed impulsive velocity, V 0 , is obtained from equation (11) with η >> 1, τ → 0 and 1
where the dimensionless initial kinetic energy is which is also given by λ = 2Ω/γπ. Similarly, for a simply supported circular plate
Rectangular plates
The impulsive loading case for a fully clamped rectangular plate is obtained from equation (15) with η >> 1, τ → 0 and 1 -cosaτ → (aτ) 2 /2, or [3] W
when ξ 0 is defined by equation (16c) and
Similarly, equation (17) for simple supports predicts
Equations (22) and (24) for square plates predict
for the fully clamped and simply supported cases, respectively. It is observed that the form of equations (25a,b) for a square plate are identical to equations (19) and (21) for a circular plate, except for the presence of R 2 and L 2 in equations (20) and (23), respectively.
DISCUSSION
The theoretical predictions in sections 3 to 5 have been simplified by using the limited interaction yield surface which circumscribes the exact yield condition [3] . Another identical yield surface which is 0.618 times as large would inscribe the exact yield condition. Thus, the predictions of an equation for W f /H using σ o and 0.618σ o for the yield stresses would provide lower and upper bounds on the maximum permanent transverse displacement of a plate. These bounds are not necessarily rigorous because of the lack of a proof for structures with finite displacements, as discussed in [3] , but they do provide useful practical bounds. For example, Figure 1 of Reference [6] shows that the bounds according to equation (25a) with σ o and 0.618σ o do bound the predictions of the method in section 2 when using an exact yield condition for impulsively loaded square plates. In this case, the experimental data [7] are given accurately by equation (25a) when using σ o as a yield stress. A different approach [8] to the method used in this paper for an impulsively loaded circular plate predicted excellent bounds on the experimental data of Florence [9] for simply supported plates, but the method in this paper is simpler to use without sacrificing accuracy. Figure 7 .18 in [3] shows that the exact solution using the method in section 2 is bounded by the upper and lower bounds predicted by equation (22) for a fully clamped rectangular plate. The experimental data for impulsively loaded aluminium alloy 6061T6 rectangular plates having β = 0.593 [10] is bounded by equation (22) with σ o and 0.618σ o . Figure 2 Maximum permanent transverse displacements of simply supported circular plates subjected to a dimensionless uniformly distributed impulsive velocity.
Ο: experimental results on aluminium alloy 6061T6 circular plates [9] .
---: equation (21), circumscribing yield surface. ----: equation (21) with σo replaced by 0.618σo, inscribing yield surface.
Thus, the above comments suggest that the method used in sections 3 to 5 to predict the maximum permanent transverse displacements of beams and plates can be used to provide upper and lower bounds on more exact analyses when using inscribing and circumscribing yield criteria. The underlying theoretical work also predicts other features of the response, such as the time duration, etc., but these results are not discussed in this paper and an interested reader is referred to the original articles containing these analyses for further information. ---: equation (26), ----: equation (26) with σo replaced by 0.618σo. Experimental results: ο; AA 6061T6 circular plate [11] , ■, ◊; square plate made from AA 6082T6 and AA 5083H12, respectively [12] .
Experimental studies have been conducted on ductile metal plates for many of the cases reported in sections 3 to 5. For example, Florence's [9] experimental results on aluminium alloy 6061T6 simply supported circular plates, which are subjected to a uniform impulsive loading are presented in Figure 2 and are compared with the predictions of equation (21).
It is observed that equation (4) for a fully clamped circular plate subjected to a central heavy mass impact and equation (10a) for a fully clamped square plate struck at the centre both can be written in the form
where K = 2Ω/π and K = Ω/2 for the two respective cases. Thus, equation (26) can be used for both cases and is plotted in Figure 3 . Although three different aluminium alloys and two different experimental arrangements have been used to obtain the experimental test data [11, 12] , it is evident that equation (26) (ie., equations (4) and (10a) with σ o and 0.618σ o ) provide reasonable practical bounds on the maximum permanent transverse displacements. Equation (10a) for a fully clamped square plate struck by a mass and equation (25a) for a square plate subjected to a uniformly distributed impulsive velocity both can be written in the form of equation (26), where K = Ω/2 and K = 2λ/3 for the two cases. Equation (26) is plotted in Figure 5 of Reference [2] and with σ o and 0.618σ o provides quite reasonable practical bounds for the experimental data on three different aluminium alloys [7, 12] . Now, equation (22) for an impulsively loaded fully clamped rectangular plate can be expressed in the form
Equation (27) with σ o and 0.618σ o is plotted in Figure 4 and compared with the experimental data on aluminium alloy 6061T6 rectangular plates having aspect ratios β = , ,  and 1.
Again the curves do almost bound the experimental results, although equation (27) with σ o gives a good estimate for all of the experimental values.
The theoretical analyses in section 3 for the mass impact loading of plates are simplified by taking the striking mass as a point loading. However, the actual diameter of a mass, G, is retained in [5] for a fully clamped circular plate struck by a blunt-faced projectile. The comparisons in Figure 7 .24 [3] reveal that the predictions of equation (4) and equation (4) with σ o replaced by 0.618σ o essentially bound the experimental data for the maximum permanent transverse displacements of fully clamped aluminium alloy circular plates [11] struck by large cylindrical masses travelling with impact velocities up to 4 m/s. It is shown that when retaining the influence of the striker radius ρ = a/R, where 2a is the diameter of a cylindrical projectile, that the accuracy of the bounds is improved.
The various equations can be used to compare the weights and other characteristics of the different plates for a given loading condition and flow stress, σ o. For example, equations (4) and (10a) for mass impact loaded fully clamped circular and square plates with the same surface areas (i.e., L / R = π 4 ) reveal that the dimensionless ratios W f / H are the same when the thickness of the circular plate is 4 π ( ) 1 3 times the thickness of a square plate. Thus, W f for a square plate is π 4 ( ) 1 3 times the corresponding value for a circular plate. Moreover, the mass of a square plate is π 4 ( ) 1 3 times the mass of a circular plate.
Equations (19) and (25a) predict the dimensionless values of W f / H for fully clamped circular and square plates when subjected to uniformly distributed impulsive velocity loadings over the entire exposed surface areas, where the associated dimensionless loadings, λ , are defined by equations (20) and (23). In this case, it turns out that the plates have the same masses and values of W f / H when the thickness of the circular plate is 4 π ( ) 1 4 times the thickness of the square plate for given loading conditions and flow stress σ o . However, if the surface areas are equal (i.e., For sufficiently severe external loadings then a plate might be perforated during a mass impact, or fail at the supports, for example, due to a pressure pulse or an impulsive loading. Reference [13] contains some empirical equations for the perforation of aluminium alloy plating. The failure of plating due to blast loadings is usually tackled with the aid of a numerical scheme, although there are difficulties in specifying the correct conditions for the initiation of failure. (27) with σo replaced by 0.618σo (---) compared with experimental results on impulsively loaded fully clamped AA 6061T6 rectangular plates [7] (ο, ∆, +, □ are for β = , ,  and 1, respectively).
CONCLUSIONS
Theoretical formulae have been presented for the maximum permanent transverse displacements (or damage) of ductile plating having circular, square and rectangular shapes and subjected to mass impact, dynamic pressure and impulsive loadings. Reasonably good agreement has been found with the available experimental data on plates which are made from strain rate insensitive aluminium alloys. Thus, these simple formulae could be used for design or forensic purposes to predict the damage of plating under large dynamic loadings. The basic theoretical procedure can, in fact, be used for arbitrarily shaped plates which are subjected to a wide range of dynamic loadings producing a large inelastic response. This study has revealed a paucity of experimental data on the damage of ductile plating. This situation is also of concern for numerical schemes which introduce various idealisations in the calculations which require validation (eg., simplification of the boundary conditions and the characteristics of the external dynamic loading [14] and [15] ).
